We study the two-point correlator of an O(N) scalar field with quartic self-coupling in de Sitter space. For light fields in units of the expansion rate, perturbation theory is plagued by large logarithmic terms for superhorizon momenta. We show that a proper treatment of the infinite series of self-energy insertions through the Schwinger-Dyson equations resums these infrared logarithms into well defined power laws. We provide an exact analytical solution of the Schwinger-Dyson equations for infrared momenta when the self-energy is computed at two-loop order. The obtained correlator exhibits a rich structure with a superposition of free-field-like power laws. We extract mass and fieldstrength renormalization factors from the asymptotic infrared behavior. The latter are nonperturbative in the coupling in the case of a vanishing tree-level mass.
Introduction
Quantum field theory (QFT) in curved space-times is a subject of topical interest. Black hole physics and early Universe cosmology are paradigm examples where the laws of quantum mechanics and of gravity come into play, opening the possibility for intriguing new physical effects, such as the Hawking radiation [1] or the generation of primordial density fluctuations in inflationary physics [2] . They also raise specific questions whose understanding brings a deeper insight into the fundamental laws at work.
The maximally symmetric de Sitter space has attracted a great deal of attention both because of its direct relevance for inflationary physics and because it already exhibits the specific features of curved geometries as compared to the flat Minkowski space-time, arising, e.g., from gravitational redshift and particle creation [3] [4] [5] [6] [7] [8] [9] [10] [11] . Of particular interest is the case of light fields in units of the de Sitter radius, which have no analog in flat space and for which the limit of zero curvature is nonuniform due to nontrivial infrared effects. In this case, perturbative calculations of radiative corrections are plagued by large infrared/secular terms which call for resummation [4, 12, 13] .
Email addresses: fgautier@apc.univ-paris7.fr (F. Gautier ), serreau@apc.univ-paris7.fr (J. Serreau ) Various methods have been developed over the years to deal with similar issues in flat space, e.g., near a critical point [14] , for bosonic degrees of freedom at very high temperatures [15] or for systems out of equilibrium [16] . In recent years, a lot of activity has been devoted to adapt these techniques to nontrivial cosmological spaces, mainly for scalar fields. These include semiclassical stochastic methods [4, 17] , renormalization group [18, 19] , two-particle-irreducible (2PI) [20] [21] [22] [23] [24] [25] , or large-N techniques [26, 27] , ladder-rainbow resummation [28] , or a field theoretic generalization of the Wigner-Weisskopf method [29] . Useful information can also be gained by considering Euclidean de Sitter space [11, 30, 31] . These studies reveal a realm of interesting infrared phenomena in de Sitter space.
A nontrivial problem in this context is to solve the Schwinger-Dyson equation for the two-point correlator for a given self-energy, that is to sum up the infinite series of self-energy insertions. This is a trivial step in the Minkowski vacuum-or, more generally in space-and time-translation invariant states-where the integro-differential Schwinger-Dyson equation is turned into a simple algebraic one in full D-dimensional momentum space, where D = d + 1 is the space-time dimension. This is not so in de Sitter space despite its large degree of symmetry due to the noncommutativity of space-and time-translation generators. As a consequence, the mere inversion of the inverse propagator is a complicated problem. So far, attempts in this direction typically employ some ansatz solution in the deep infrared, see , e.g., [23] (see also [32, 33] for the case of massive fields).
In this letter, we study this issue for the case of an O(N) scalar field with quartic self-interactions. We consider the simplest nontrivial case with the (nonlocal) self-energy computed at two-loop order. Employing the physical momentum representation for de Sitter correlators (hereafter called the p-representation) [25, 34] and the techniques developed in Ref. [27] , we show that the Schwinger-Dyson equation, restricted to infrared momenta, is amenable to a one-dimensional integrodifferential equation that can be exactly solved by analytical means.
Solving the Schwinger-Dyson equation actually resums the infinite series of perturbative infrared logarithms into modified power laws, in a way analogous to the generation of an anomalous dimension in critical phenomena. In de Sitter space, this can equivalently be seen as a mass correction [27] . The resulting two-point correlator exhibits an interesting structure with a superposition of free-field-like power laws. The deep infrared behavior is that of a noninteracting massive field in a Bunch-Davies vacuum state with renormalized mass and field strength. We compute the corresponding renormalization factors and show that they become nonperturbative in the coupling when the field is perturbatively light (massless) in units of the de Sitter radius. This suggest that the two-loop approximation for the self-energy is not sufficient in that case and one should use nonperturbative approximation schemes for the self-energy itself. We believe the tools developed here are useful to treat more involved approximation schemes, such as 1/N-expansion or self-consistent 2PI techniques.
General setting in the p-representation
We consider an O(N) scalar field theory on the expanding Poincaré patch of de Sitter space in D = d + 1 dimensions. In conformal time −∞ < η < 0 and comoving spatial coordinates X, the invariant line element is given by (we set the Hubble scale H = 1)
The classical action is given by
with x = d 4 x √ −g the invariant measure and where summation over repeated indices a = 1, . . . , N is understood. Here, is the appropriate Laplace-Beltrami operator and m 2 dS = m 2 + ξR includes a possible coupling to the Ricci scalar R = d(d + 1). We consider a symmetric state such that ϕ a = 0 and the correlator G and the self-energy Σ are diagonal, e.g., G ab = δ ab G. In the rest of the paper we assume a de Sitter invariant state.
The covariant inverse propagator is given by
where
. Extracting a possible local part from the self-energy 1 , one writes
where the local σ part is constant for a de Sitter invariant state. We include it in a redefinition of the mass
and define, accordingly, the propagator
in terms of which we have
Exploiting the spatial homogeneity and isotropy in comoving coordinates, one writes
De Sitter symmetries guarantee that the correlator admit the following p-representation [25] 
with p = −Kη and p ′ = −Kη ′ are the physical momenta associated to the comoving momentum K at times η and η ′ respectively. Similarly, the p-representation of the self-energy is
Solving the Schwinger-Dyson equation (8) for the propagator G for a given self-energyΣ in de Sitter space can be viewed as an initial value problem with initial data to be specified in the infinite past η → −∞. This can be formulated by introducing a closed contour in time-the so-called in-in formalism-which allows one to conveniently grab together the various components of Green's functions [16] . Alternatively, in the prepresentation, Eq. (8) becomes a flow equation in momentum, with initial data to be specified at p → +∞. Introducing a closed contourĈ in momentum, the propagator reads [25] (12) whereF andρ denote the p-representations of the statistical and spectral two-point functions respectively. Here, the sign function is to be understood along the contourĈ. Notice the symmetry propertiesF(p,
and
where we introduced (the last equality defines ε)
In the following, we consider light fields, i.e., ε ≈ M 2 /d ≪ 1. The statistical functionF encodes the information about the actual quantum state of the system. Having in mind an adiabatic switching-on of the interactions, the initial data corresponding to the BunchDavies vacuum are given byF(p, p
The nontrivial initial data for the spectral function is determined by the equal-time commutation relations: 
The self-energy at two-loop
Our purpose in this letter is to invert the SchwingerDyson equation (8) for the simplest nonlocal self-energȳ Σ. We compute the latter in a loop expansion at twoloop order. Note that, by definition, local, tapole-like, diagrams, are all included in (6) . To cope with possible infrared divergences in the case m 2 dS ≤ 0, we may have to resum an inifinite series of such tadpole diagrams. We leave the mass M unspecified for the moment and perform a loop expansion forΣ in terms of the propagator G M , Eq. (7). 2 The two-loop self-energy, represented in Fig. 1 , reads
and r = |e + q + l|, with e a unit vector. In the following we shall need the low momentum behavior of the statistical and spectral components of the self-energy (16) . Introducing an arbitrary scale µ 1 to separate between super and subhorizon modes, one can show, using the method developed in Ref. [27] , that the dominant contribution to the momentum integral in Eq. (16) 
2 /4πµ 2ν and P ν (x) = sinh(νx)/ν. The relevant momentum integrals are computed in the Appendix along the line of Ref. [27] . We get
with s(x) = e −(ν−2ε)x , σ(x) = P ν (x)e −2ε|x| and
Here, we systematically neglect relative corrections of order ε in the prefactors, but not in the x-dependence of the various functions. Indeed, such corrections become relevant at very large values of |x| involved in convolution integrals. In particular, we emphasize the e −2ǫ|x|
term in (20) , which is a nontrivial contribution from modes close to the horizon in the loop integral (16) [see the Appendix] and which plays a crucial role in obtaining the analytical solution below.
The Schwinger-Dyson equations in the infrared
We now proceed to solving Eqs. (13) and (14) for infrared momenta p, p ′ ≤ µ. Observe that, if the memory integral in Eq. (14) only involves infrared momenta, this is not so for Eq. (13) . Here, we make the simplifying assumption that the dominant contributions come from momenta p, p ′ ≤ µ. 5 and we neglect the effect of the non-local self-energies for modes p, p ′ ≥ µ, resulting in the "unperturbed" solutionF =F M for the latter. In practice, this amounts to switching on the nonlocal self-energy (19) for p, p ′ ≤ µ and to match the high and low momentum solutionsF M andF at p = p ′ = µ. Using standard manipulations [35] , the general solution of Eq. (13) can be written aŝ
where, according to the discussion above,
4 It is interesting to note the similar relations between statistical and spectral components of the various two-point function above. This may be a kind of fluctuation-dissipation relation. 5 This is a widely used assumption in the literature. The rationale here is that one expects the high momentum contribution not to bring large infrared logarithms, which we are interested in. A detailed analysis of the high momentum contribution to a similar integral equation in the calculation of the four-point function in the large-N limit has been performed in [27] . Although the details are rather subtle, the naive expectation appears correct in that case and the high momentum modes only contribute a renormalization factor of order unity.
The second term on the right hand side ensures the correct boundary conditons at p = p ′ = µ:
with 
Just as forΣ IR F in (19) , the factorization property of R µ follows directly from that ofF IR M . The infrared dynamics reduces to a one-dimensional problem in terms of the variables x and x ′ introduced before. Indeed, one easily checks that the solutions of Eqs. (14) and (22) take the form
where the odd function ρ(x) is such that ρ ′ (0) = 1. It satisfies the following integro-differential equation
whereas f R (x) and f σ (x) in (27) are given by (x ≤ 0)
and are completely determined once ρ(x) is known. We emphasize that Eqs. (27)- (31) are in fact quite general and hold whenever the self-energy assumes the form (19) and (20) .
To proceed, we write Eq. (29) as an integral equation:
where ρ M (x) = P ν (x) is the unperturbed solution, see (18) , and where we defined the kernel
Eq. (32) resums the infinite series of self-energy insertions. It can be formally solved as
where the function V satisfies the integral equation
The kernel (33) is readily obtained as
where ν ± = ν±ε. The nontrivial task is to solve Eq. (35) . Fortunatley the exact solution can be found in closed form. It is straightforward to check that the desired solution is
The two-loop correction for the propagator is obtained by expanding in σ ρ at first non trivial order. Such an expansion generates powers of σ ρ ln x which may become large in the far infrared, invalidating the perturbative expansion. The proper treatment of the infinite series of self-energies insertions through the SchwingerDyson equations resums these large infrared logarithms in a well-defined expression (37).
Having found V(x), it is straightforward to obtain the solution (34) of the Schwinger-Dyson equation (32) . We get
The exact expression of the statistical two-point function (27) is then easily obtained from Eqs. (30) and (31):
and where we defined Aν(z) = (z +ν + ε)/4νz. Notice that
The previous exact expressions take a simpler form already for moderate |x| 1 and neglecting O(ε) relative corrections in numerical coefficients. In particular, we assume that εν ≪ ν 2 , which is always true in the range of applicability of the present calculation, as discussed below. For |x| 1, we can writẽ
, and thus
with c ± = (ν ± ν)/2ν. Similarly, we have (x ≤ 0)
from which we deduce, using c + c − = σ ρ /16ε 2ν2 ,
(46) Eqs. (43) and (46) are the central result of the present work. The resummation of nonlocal self-energy insertions produces a rich structure of the resummed propagator, as compared to the unperturbed one, Eqs. (17) and (18) . Remarkably, it exhibits a superposition of unperturbed-like solutions with exponentsν ± , corrected by a e −ε|x| term which matters at large |x|. We see that both the spectral and statistical components of the propagator interpolate between an unperturbed (massive) behavior with exponent ν at moderate values of |x| and an effective, unperturbed-like behavior with exponent ν =ν + − ε for very large |x|. This is illustrated in Fig. 2 .
Discussion
As mentioned above, the deep infrared behavior of the correlators (43) and (46) is that of a noninteracting massive field. We parametrize the effective action for deep infrared modes as the general quadratic form
whereM is the effective infrared mass and Z is a fieldstrength renormalization factor. The corresponding correlators in a general de Sitter invariant state are easily obtained aŝ
Here, the factor A quantifies the deviation from the Bunch-Davies vacuum (for which A = 1). It can be seen as an infrared wavefunction renormalization. For the class of de Sitter invariant states, the so-called α-vacua, A = | cosh α + e iβ sinh α| 2 where α, β ∈ R. A deviation from unity could be interpreted as resulting from particle production due to the field self-interactions, on top of that due to expansion.
Comparing the expressions obtained in the previous section in the deep infrared |x| ≫ 1 with Eqs. (48) and (49), we obtain, up to relative corrections of order ε,
Note that Z ≤ 1 andM 2 /M 2 ≤ 1. Thus we find that the general solution of the previous section is well described (in the deep infrared) by an effective Gaussian theory with renormalized action (47) and that there is no renormalization of the state of the system. Furthermore, we note that for strong enough coupling, the infrared mass squaredM 2 may become negative, which is an unphysical solution. For instance, the two-point function at coincident points, which quantifies the quantum fluctuations of infrared modes, G(x, x) ∝ qF (q, q)/q is infrared finite iffν < d/2 or, equivalently,M 2 > 0. Using Eqs. (51) and (38), this implies σ ρ < 3ε 2 (d 2 − ε 2 ). To discuss the above results further, we now consider the mass resummation (6) . As mentioned previously, for m 2 dS ≤ 0 perturbation theory is ill-defined and one has to resum a mass. The simplest scheme to do so is to include the tadpole diagram of Fig. 3 where the internal line corresponds to the propagator G M . This is known as the Hartree approximation. In terms of the bare propagator (4), this resums the infinite series of tadpole insertions-the so-called daisy and superdaisy diagrams-and leads to a self-consistent mass. In the small mass limit one has [23, 26, 30 ]
in terms of which the parameter which controls the nonlocal self-energy corrections, see Eq. (38), reads
There are two interesting limits to be considered. In the case of a massive field with c d λ ≪ m 4 dS ≪ 1, perturbation theory is well-defined. One has, at the order of interest
For very light fields, with m
2 ν 2 ∼ 1 and one gets
It follows that both Z andM 2 /M 2 are nonperturbative in the coupling. 6 These quantities actually quantify the corrections to the local Hartree approximation from nonlocal self-energy insertion. The above result shows that the two-loop approximation for the latter is of the same order in coupling as the leading order (Hartree) result. This reflects the fact that the perturbative evaluation of the self-energy is not valid in the case of massless (very light) fields due to infrared effects, see Eq. (54).
In that case, one should employ a nonperturbative approximation scheme, such as the 1/N-expansion [36] , or self-consistent approximation schemes based on 2PI techniques [23] . 7 Finally, we mention that in the case of negative treelevel mass square m
, which leads to an unphysical solutionM 2 < 0. The two-loop approximation for the self-energy is certainly not valid in that case where the effective coupling σ ρ /2ε 2 ν 2 ∼ 1/λ 2 is nonperturbatively large.
Conclusion
We have obtained, for the first time, an analytical solution of the Schwinger-Dyson equation, restricted to superhorizon momenta, in de Sitter space, in the case of the simplest (nonlocal) two-loop self-energy. This results in a two-point correlator with a rich structure as compared to the noninteracting case. It is remarkable that the deep infrared behavior is that of a free massive field with renormalized mass and field strength. Although it has often been assumed to be the case in the litterature, this had never been firmly established. In particular, the infrared field strength renormalization has not been considered in previous studies.
Our findings give new insight about the infrared structure of light scalar field correlators in de Sitter space. They provide useful guides for further investigations, e.g., using self-consistent resummation techniques [36] . More generally, we believe the techniques developed here and in [27] are useful tools for discussing Schwinger-Dyson equations in de Sitter space. 2νF ν and P ε ν (x) = P ν (x)e −ε|x| . A similar line of reasoning can be applied to the integral (A.1). The dominant infrared behavior can be obtained by restricting the integral to the region q min(µ/p, µ/p ′ ) and using the low momentum expressions (17) , (18) where β = ν − 2ε. The integral is rapidly convergent at high momentum and one can safely send the upper bound to infinity. The resulting integral can be evaluated by introducing Feynman parameters along the lines of [27] . We get 
